Abstract. It is shown that the cohomological dimension of an abelian monoid is equal to that of its group reflection provided that the monoid is either finitely generated or cancellative.
Let M be a monoid and let Äbea nonzero ring with identity. We shall denote the monoid ring of M over R by RM. The R-homological dimension of M is defined by hdRM = wd R and, similarly, the R-cohomological dimension of M is defined by cdRM = pd R where R is considered as a trivial ÄAf-module (i.e. x ■ r = r for x £ M, r £ R) and where wd, pd denote weak and projective dimension respectively. Clearly hdRM < cdRM and the equality holds when RM is noetherian (e.g. when R is noetherian and M is finitely generated abelian). If there is a ring homomorphism S -> R then cdÄ M < cds M and hdR M < hds M. In particular, cdÄ M < cd M and hdÄ M < hd M where we omit the subscript when R = Z. Recall that a group M is said to have Ä-torsion if there exists an element of M whose order is not invertible in R. In this case cdRM = oo. If M is an Nn-generated abelian group (n > -1) with no Ä-torsion, then hdÄ M = rank M and cdÄ M = n + 1 + rank M (see, for example, [1] , [4] and [10] ). In this paper we prove the following.
Theorem A. // M is an abelian monoid then hdRM = hdRM.
Theorem B. // M is an abelian monoid which is either cancellative or finitely generated, then cdÄ M = cdÄ M.
Here M denotes the group reflection of M. An example of Nico [8] shows that Theorem B does not hold for arbitrary abelian monoids.
1. Homological dimension of an abelian monoid. The group reflection M of a monoid M is defined to be the image of M under the left adjoint of the forgetful functor from Groups to Monoids. It is not hard to show that M is isomorphic to the quotient of the free group of M by the normal subgroup generated by elements of form xyz~x where xy = z and x,y,zEM.
There exists a monoid homomorphism u: M -» M taking x to its coset. Note that each monoid homomorphism M-» G into a group lifts (through u) to a unique group homomorphism M -» G. In case M is abelian the group ring RM is simply the localization of RM at the central multiplicative set M. If, in addition, M is cancellative then M is the group of quotients of M [3, §1.10] and u is injective. In case At* is a group we have M = M.
Proof of Theorem A. Since RM is a localization of RM at a central multiplicative set we have that hdÄ M > hdR M. To prove the reverse inequality first assume that R = K is commutative. Consider the exact sequence of ÄTM-modules 0->I^>KM^>K^>0 where e sums coefficients. The augmentation ideal / is generated by elements of the form 1 -m, m E M. Let p be a prime ideal of KM. If / $ p then the localization Ip of / at p is simply (KM)p and so IL, = 0. If / E p then M E KM -p since otherwise there exists m E M n p and it implies that 1 = m + (1 -m) E p. In particular, the elements of M are inverted whenever we localize at prime ideals p such that Kp ¥= 0. Hence, localizing first at M and then at p is the same as localizing at p. Therefore, hd^M = wdKMK = supp wd^AT < wd^AT = hd* M.
In the general case let C denote the center of R. Then hdRM < hdcM. On the other hand Swan [9, Proposition 3.3] proved that there exists a prime field F with hdf M < hdÄ M for any monoid M such that if M is a group with no Ä-torsion then it has no F-torsion. Suppose M has no Ä-torsion. Then it has no C-torsion nor F-torsion and, therefore, hdc M = hdc M = rank M = hdF M = hdFM. Thus, hdÄ M = hd" M. If M has Ä-torsion then hdÄ M -oo. Hence, using the inequality proved in the beginning, we have that hdÄ M > hdÄ M = oo. [6] or [8] ). More generally X " M has Z-cohomological dimension at least n, but its group reflection is also trivial.
2. Cohomological dimension of an abelian monoid. Throughout this section, M will be an (additive) abelian cancellative monoid with group reflection G. Then u: M -> G is injective and we shall regard M as a submonoid of G. The torsion subgroup of G will be the denoted by tG. Proof. Suppose M contains a positive and a negative integer. Let s and t be the smallest positive and largest negative integer contained in M respectively. Then t = -s, for otherwise s + t is either positive which contradicts the minimality of s or it is negative which contradicts the maximality of t. We will prove that s = 1 and, therefore, show that M = G. Every positive integer of M is of the form x = gs + r where 0 < r < s. Hence r = x -gs = x + gt £ M contradicting the minimality of s except when r = 0. Therefore, s divides all positive integers in M. Similarly it divides all the negative integers as well. Thus, M is generated by s and -j and so is a subgroup of G which is a contradiction unless s = 1 since G is the group reflection of M. Therefore, M contains either only positive or only negative integers. By symmetry we assume the former. In this case there exists a, b £ M with a -b = 1. Hence, gcd(a, b) = 1. By Lemma 2.1 the submonoid generated by a, b contains all sufficiently large positive integers. Therefore, M is finitely generated. Proof. Clearly Zm/<w> has rank m -1 and hence it is enough to show that it is torsion-free. Suppose y = (y¡) £ IT such that sy £ <h>) for some s £ N. Then sy = tw for some t £ Z. Without loss of generality we may assume that gcd(j, t) = 1. Therefore, s\w¡ for all i. This implies that s = 1 by the assumption on w. Hence y = tw £ <w>. Lemma 2.4. Suppose G & Z, G ¥= 0, and it is finitely generated with no R-torsion. Then there exists x £ M such that G/(x} has no R-torsion and rank G = 1 + rank G/(x}. In particular, cdÄ G/<x> is finite.
Proof. Suppose rank G = 1. Then G = Z © tG where tG =£ 0. There exist two elements of M whose difference is (1, 0). Let these elements be (a, b) and (a + 1, b) where a £ Z and b £ tG. By symmetry we may assume that a > 0. Since tG ¥= 0 there exists an element of tG with finite order n > 1. Since G has no Ä-torsion n is in vertible in R. Using Lemma 2.1 we see that if t is sufficiently large then there exists a linear combination v G M of (a, b) and (a + I, b) with first coordinate n '. Set x = ky where k is the order of b. (Here we take 1 to be the order of the additive identity 0.) Hence, the second coordinate of x is zero. Therefore, G/<jc> st Zx © tG where xx denotes the first coordinate of x. Clearly rank G/(x) = 0 = rank G -1 and, since jc, is invertible in R, we have that G/(x} has no A-torsion.
Xn-generated, and so M =lim7 M¡ where Af/s are finitely generated submonoids of M and |/| = N". By Proposition 2.7, cdÄ M < n + 1 + sup cdÄ M¡ -n + 1 + sup cdÄ M¡ < n + I + rank G = cdÄ G, where .M, is the group reflection of M¡.
